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Abstract—This paper investigates the resource allocation prob-
lem for the Gaussian multiple access channel (MAC) with confer-
encing links, where the two transmitters can talk to each other
via wired rate-limited channels. Moreover, the two transmitters
are powered by a shared energy harvester which captures en-
ergy from the environment. We consider both the non-causal
(the energy arrival levels at future time slots are known before
transmissions) and the causal (only the energy arrival levels of past
and present slots are known) energy-harvesting (EH) models. For
the non-causal case, we formulate a resource allocation problem
over a finite horizon of N time slots to characterize the boundary
of the maximum departure region. We then develop the optimal
offline power and rate allocation scheme by exploiting the hidden
convexity of this problem. Interestingly, it is shown that there
exists a maximum transmission rate (named the capping rate)
for one of the transmitters. For the causal case, we examine the
performance of the greedy scheme, in which the energy is depleted
within each slot. In particular, we measure the utility of this
scheme against the optimal offline one by competitive analysis,
where the competitive ratio of the online greedy scheme, i.e., the
maximum ratio between the profits obtained by the offline and
online schemes over arbitrary energy arrival profiles, is derived.

Index Terms—Multiple access channel, conferencing link, en-
ergy harvesting, maximum departure region, competitive ratio.
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I. INTRODUCTION

IN the future cyber-physical systems, such as smart grids, a
large amount of sensors will be distributively deployed in

different locations throughout the system for the purpose of
monitoring and control. Conventionally, sensors are powered
by fixed energy supplies, e.g., regular batteries, which can
provide stable energy output. However, such energy sources
require periodical recharging or replacement, which incurs high
maintenance cost and may become impractical in hazardous
environments. Self-sustaining devices, which are made possible
as a result of recent development in energy harvesting (EH)
technologies, are thus highly desirable in such applications [1]–
[4]. EH can harness and convert the otherwise wasted ambient
energy from the environment into usable electrical energy,
and thus contributes to the reduction of the overall carbon
footprint. However, energy provided by energy harvesters is
fluctuating and varying over time due to the uncertain nature
of the renewable energy resources. The non-uniform energy
availability over time introduces a new type constraints, named
EH constraints, for devices powered by the energy harvesters,
i.e., the total energy consumed until an arbitrary time cannot be
larger than the harvested amount up to this time, which invokes
the need of advanced power control and scheduling schemes.

For resource allocation in EH wireless communication sys-
tems, both offline and online schemes have attracted consid-
erable attention in recent years. With non-causal information
about the energy arrival times and amounts over the whole
transmission period, the offline scheme provides a performance
upper bound or benchmark for all online schemes and can be
directly applied to scenarios where the output of energy har-
vesters can be predicted with tolerable errors over a certain pe-
riod, e.g., when harvesting the vibration energy from a washing/
drying machine running on a pre-set program. Under such a
deterministic EH model, the optimal offline power allocation
has been developed for the point-to-point channel with the as-
sumptions of both the infinite [5], [6] and finite [7]–[9] battery
capacities. In [10], the optimal offline scheme to minimize
the outage probability in point-to-point fading channels was
proposed. Regarding multiuser communication systems, the op-
timal offline schemes to minimize the transmission completion
time for the Gaussian broadcast channel (BC) were investigated
in [11], [12]. In [13] and [14], the authors studied the optimal
scheduling schemes for the Gaussian and the fading multiple
access channel (MAC), respectively, assuming an independent
EH source for each transmitter. The throughput maximizing
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power allocation strategies in relay channels were studied in
[15]–[18]. In [15], both the source and the relay are assumed to
be equipped with independent EH sources, and an interesting
energy diversity phenomenon was discussed.

Online schemes, on the other hand, react upon each energy
arrival without knowing the realizations of the future energy
arrivals, with at most the statistical information of the EH
process. The online transmission policies for the non-fading
point-to-point channel were investigated in [19], where the
system is modelled as a Markov decision process (MDP). By
using dynamic programming, the optimal online policies for
maximizing the throughput of wireless fading channels were
studied in [6] and [9]. In [20], the online power allocation
policies for the Gaussian MAC with both the infinite and finite
battery capacity were studied. In the aforementioned papers, the
performance measurement of online schemes is mainly based
on numerical results with hypothesized random distributions of
the energy arrival process. In traditional research community
of scheduling, competitive analysis [21], which falls within the
framework of worst-case performance, is widely adopted for
evaluating the utility of online schemes against the optimal
offline one. For example, over a flat fading channel where the
transmitter is powered by a conventional battery, the compet-
itive ratios were derived when the channel state information
is causally known in [22]. In EH communication community,
recently the authors in [23] investigated the online schemes
for throughput maximization over a fading channel with an
EH source and arbitrarily varying fading coefficients in the
framework of competitive analysis.

In some applications, such as sensing in smart grids, the
locations and wireless medium between the transmitters (sen-
sors) and the receiver (the sink) are relatively fixed over a
transmission period, which validates the consideration of the
constant channel gains; moreover, the transmitter side infor-
mation and energy supply sharing is available as certain wired
connections may exist between the transmitters. Motivated as
above, in this paper, we focus on a Gaussian MAC [24], where
two transmitters1 are connected by out-of-band conferencing
links. In particular, we assume that the two transmitters share
the energy provided by some common EH sources, which can
be applied to the following scenarios: 1) one energy harvester
is shared by the two transmitters; or 2) each transmitter is
equipped with a separate energy harvester and energy sharing is
enabled via smartly-controlled power line connections. Energy
sharing is particularly useful when the transmitters are located
in an environment where the green energy source is rather
dynamic, and energy diversity [15] can be potentially exploited.

We consider a finite horizon of N time slots, and the arrived
energy amount at the beginning of each time slot is assumed
to be known. For the non-causal case, we try to characterize
the boundary of the maximum departure region, which is
defined as the set of all achievable throughput pairs for the
considered channel over the N slots under the corresponding
EH constraints. For the causal case in traditional approaches,
the optimal resource allocation could be formulated as a MDP

1Since the capacity region of the general N-user MAC with conferencing
links is unknown, we thus only consider the two-user case and leave the more
general case for future study.

problem [6], [19] with the statistical information of the future
energy arrivals, which is impractical in most of the cases.
Moreover, such a MDP formulation is limited by the curse of
dimension, and inaccurate prior knowledge of the energy arrival
process may lead to significant performance degradation. Thus,
here we assume zero information for future energy arrivals and
examine the performance of some simple online schemes. To
this end, we adopt the methodology of competitive analysis,
which examines the maximum ratio (called the competitive
ratio) of the profit (weighted sum throughput over the whole
transmission period) obtained by the optimal offline scheme to
that obtained by the online scheme over all possible sequences
of harvested energy amounts.

The main contributions of this paper are summarized as
follows:

1) For the non-causal EH model, we characterize the bound-
ary of the maximum departure region by solving a re-
source allocation problem that maximizes the weighted
sum throughput over N time slots subject to the EH
constraints. First, we prove that the optimal sum power
profile for our problem owns the same structure as that
in [5] by exploiting the convexity of the problem. Then,
the original optimization problem is decomposed into
N sub-problems, whose solutions give the optimal rate
scheduling between the two transmitters. It is observed
that there is a capping rate at one of the transmitters,
depending on the weighting factors, channel gains, and
the conferencing link capacities.

2) For the causal EH model, we examine the performance of
a greedy scheme, where the available energy is depleted
at each slot, under the framework of competitive analysis.
To this end, we study the upper bound of the profit
obtained by the optimal offline scheme and the lower
bound of that obtained by the online scheme, based on
which the competitive ratios of the greedy scheme are
derived under different weighting factors.

The remainder of the paper is organized as follows. In
Section II, the system model and problem formulation are pre-
sented. In Section III, the optimal offline scheme is developed.
In Section IV, the competitive analysis is introduced and the
competitive ratios of the greedy scheme against the optimal
offline scheme are derived. In Section V, numerical results
are provided to illustrate the resource allocation schemes, the
competitive ratios of the greedy scheme and the performance
comparison between several schemes. Finally, Section VI con-
cludes the paper.

Notation: log(·) and ln(·) represent the base-2 and natural
logarithms, respectively; C (x) = log(1 + x); max{x1, · · · ,xq}
and min{x1, · · · ,xq} denote the maximum and minimum among
q real numbers x1, · · · ,xq, respectively; (x)+ = max{0,x}.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model

We consider a two-transmitter Gaussian MAC where the
transmitters are connected by wired rate-limited two-way
conferencing links, as shown in Fig. 1. Via the conferencing
links, transmitter 1 can talk to transmitter 2 with a rate up to
C12, similarly for the opposite direction with a rate up to C21.
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Fig. 1. MAC with conferencing links and a shared renewable energy source.

Compared to the transmissions over wireless links that suffer
from heavy path losses, the communications over wired links
consume much less energy, which is neglected here for the
convenience of analysis. Similar assumptions were adopted in
[25]–[29]. Moreover, the two transmitters share one common
EH source with a battery of infinite capacity2 (e.g., the energy
sharing and conferencing could be done over the same wires).
The constant channel gains from transmitter 1 and transmitter 2
to the receiver are denoted by h1 and h2, respectively. Without
loss of generality, we only consider the case of h1 ≥ h2, which
indicates that the link from transmitter 1 to the receiver is
stronger than or equal to the other one. Moreover, the noise at
the receiver is circularly symmetric complex Gaussian (CSCG),
with zero mean and unit variance.

In this paper, we consider a finite time horizon of N slots,
each with a duration of T . At the beginning of the n-th slot, n =
1, · · · ,N, the EH source receives harvested energy (accumulated
during the previous time slot) with an amount of En ∈ [0,Emax],
where Emax denotes the maximum amount from one energy
arrival and is assumed to be known. Denote the sequence of N
energy arrival amounts as ω=(E1, · · · ,EN) (which is also called
the input sequence) and the set of all possible input sequences
as Ω = {ω = (E1, · · · ,EN)|0 ≤ En ≤ Emax,n = 1, · · · ,N}. For
the non-causal case, the entire input sequence ω is known
before transmissions; for the causal EH model, at the n-th
slot, only E1, · · · ,En are known. Denote the data rate and the
corresponding transmission power for transmitter i, i = 1,2, at
the n-th slot, n = 1, · · · ,N, as ri,n and Pi,n, respectively.

The EH constraints for the system model described above
require that the total amount of energy consumed by the two
transmitters during the first j slots must be smaller than or equal
to the total amount of energy harvested in the first j slots, ∀ j ∈
[1, · · · ,N], and could be mathematically modeled as:

T
j

∑
n=1

(P1,n +P2,n)≤
j

∑
n=1

En, j = 1, · · ·N. (1)

B. Problem Formulation

In this subsection, we first consider a sum power minimiza-
tion problem and derive the function g(r1,n,r2,n), which is the

2As will be shown later, our results can be easily extended to the case with
finite battery capacity.

minimum sum power to achieve a given rate pair (r1,n,r2,n)
across the two users in the n-th slot. Then, we rigorously
define the maximum departure region and formulate a resource
allocation problem to characterize its boundary. In the sequel,
we omit the index n whenever it causes no confusion.

For the Gaussian MAC with conferencing links, the coding
scheme is described as follows. Transmitter i’s message wi,
i = 1,2, can be regarded as comprising two parts: transmitter
i’s private message wp

i and its common message wc
i . The

transmitters exchange their common messages, i.e., wc
1 and wc

2,
by using the conferencing links as in Willem’s scheme [25]. As
a result of conferencing, transmitter i, i = 1,2, has the common
message wc = (wc

1,w
c
2) and its private message wp

i , which are
allocated with power Pc

i and Pp
i =Pi−Pc

i , respectively, and sent
over the MAC to the receiver.

With the above coding scheme, the capacity region of the
Gaussian MAC with conferencing links is given as [26]⎧⎪⎪⎨

⎪⎪⎩
r1 ≤ C

(
h1Pp

1

)
+C12

r2 ≤ C
(
h2Pp

2

)
+C21

r1 + r2 ≤ C
(
h1Pp

1 +h2Pp
2

)
+C12 +C21

r1 + r2 ≤ C
(
h1P1 +h2P2 +2

√
h1Pc

1 h2Pc
2

)
.

(2)
(3)
(4)
(5)

It is worth noting that the capacity region defined by (2)–(5) is
convex [30].

Then, the sum power function g(r1,r2) can be obtained by
solving the following sum power minimization problem:

(P1) g(r1,r2) = min
Pc

1 ,P
p
1 ,P

c
2 ,P

p
2

Pc
1 +Pp

1 +Pc
2 +Pp

2 (6)

s.t. (2)−(5), Pc
1 ≥ 0,Pp

1 ≥ 0, Pc
2 ≥ 0, Pp

2 ≥ 0. (7)

It can be proved that Problem (P1) is convex [30] by showing
that its feasible region is convex over (Pc

1 ,P
p
1 ,P

c
2 ,P

p
2 ). By

solving Problem (P1), we have the following proposition.
Proposition 1: For a given rate pair (r1,r2), the minimum

sum power g(r1,r2) is given as (8), shown at the bottom of the
page, and the corresponding optimal power allocation for the
messages is given as:⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

Pc
1
∗= h1

(h1+h2)2

(
2r1+r2−2(r1−C12)

++(r2−C21)
+
)

Pp
1
∗
= 1

h1
2(r2−C21)

+
(

2(r1−C12)
+ −1

)
Pc

2
∗= h2

(h1+h2)2

(
2r1+r2−2(r1−C12)

++(r2−C21)
+
)

Pp
2
∗
= 1

h2

(
2(r2−C21)

+ −1
)
.

(9)

(10)

(11)
(12)

Proof: See Appendix A. �
Note that g(r1,r2) given in (8) is jointly convex over r1 and r2.
By (8), the causal EH constraints defined in (1) could be

rewritten as:

T
j

∑
n=1

g(r1,n,r2,n)≤
j

∑
n=1

En, j = 1, · · · ,N. (13)

g(r1,r2)
Δ
=

h2

h1(h1 +h2)
2(r1−C12)

++(r2−C21)
+
+

1
h1 +h2

2r1+r2 +

(
1
h2

− 1
h1

)
2(r2−C21)

+ − 1
h2

, (8)
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Based on the above analysis, we define the maximum depar-
ture region D(N) as follows.

Definition 1: Over the finite time horizon of N slots, the
maximum departure region D(N) of the MAC with confer-
encing links is defined as the union of all achievable bits pair
(B1,B2) under the EH constraints (13), i.e.,

D(N) =

{
(B1,B2)

∣∣∣∣∣Bi = T
N

∑
n=1

ri,n, i = 1,2, (13)

}
, (14)

where Bi is the total amount of transmitted data from trans-
mitter i.

Proposition 2: The maximum departure region D(N) de-
fined in (14) for the MAC with conferencing links and the EH
constraints is convex.

Similarly to Lemma 2 in [11], Proposition 2 can be proved
from the convexity of g(r1,r2) and is thus omitted here for
brevity.

For the non-causal case, since D(N) is a convex region
defined in the positive orthant, we characterize the boundary of
D(N) by maximizing the weighted sum of B1 and B2 as follows

(P2) max
{r1,n,r2,n}

µ1B1 +µ2B2 (15)

s.t. (13), (16)

where µ1 +µ2 = 1, µ1 ≥ 0, µ2 ≥ 0, are the adjustable weighting
factors. It is easy to observe that Problem (P2) is still convex
over r1 and r2 [30]. The optimal solution of Problem (P2),
denoted by O, which achieves the boundary of the maximum
departure region D(N), will be investigated in Section III.

III. THE OPTIMAL OFFLINE SCHEME

In this section, we first describe the structure of the optimal
sum power allocation for Problem (P2), based on which the op-
timal value for g(r1,n,r2,n), n = 1, · · · ,N, can be obtained. Then,
to completely characterize the offline transmission scheme O,
we obtain the optimal rate scheduling of the two transmitters.

A. Optimal Sum Power Allocation

First, we present the structural properties of the optimal sum
power allocation for Problem (P2).

Proposition 3: The optimal solution for Problem (P2) satis-
fies g(r1,n,r2,n)≤ g(r1,n+1,r2,n+1), ∀n∈ {1, · · ·,N−1}, i.e., the
optimal sum power is non-decreasing over time.

Proof: The proof is similar to that of Lemma 1 in [11]. If
the optimal sum power is decreasing over some adjacent slots,
we can always equalize the rate pairs in these slots such that
the total amount of energy consumed in the two slots is reduced
due to the convexity of g(r1,r2), with the EH constraints still
satisfied.

Note that the proof is based on the convexity of g(r1,r2) and
no other claim is made here about the relationship between the
rate and the sum power (the optimal rate scheduling given a
sum power value will be investigated in the next subsection). �

Proposition 4: The optimal solution for Problem (P2) sat-
isfies that if g(r1,n,r2,n) < g(r1,n+1,r2,n+1), n ∈ {1, . . . ,N − 1},
there is no residual energy at the end of the n-th slot, i.e., when
the optimal sum power level changes, all harvested energy must
be depleted.

Proof: Note that the proof for a similar result in [11],
which is based on analyzing the Karush-Kuhn-Tucker (KKT)
conditions, cannot be directly applied to our case since g(r1,r2)
defined in (8) is not differentiable at some points. Here, we
prove this proposition by utilizing the convexity of g(r1,r2),
and see Appendix B for more details. �

As indicated by Propositions 3, 4, the optimal sum power
sequence for Problem (P2) has the same structure as that
for the single-user channel case discussed in [5]. Given an
input sequence ω, the optimal sum power sequence PO =

[PO
1 , · · · ,PO

N ]
T

, where PO
n ,n = 1, · · · ,N, denotes the optimal sum

power in the n-th slot, can be obtained recursively as [5]:

nk = arg min
nk−1<n≤N

{∑n
j=nk−1+1 E j

(n−nk−1)T

}
, (17)

g(r1,n,r2,n) =
∑nk

j=nk−1+1 E j

(nk −nk−1)T
.
= PO

n , for nk−1 < n ≤ nk,

(18)

where n0 = 0.
Remark 1: When the battery has a finite capacity of E ,3 it

is easy to check from the convexity of g(r1,r2) that the optimal
sum power power profile is given the same as that in [7]. As
such, the rate scheduling for this case is the same as that of
infinite battery.

B. Optimal Rate Scheduling

It is worth noting that the optimal sum power profile obtained
by (17) and (18) is only determined by the harvested energy
amounts and is independent of µ1 and µ2. Therefore, solving
Problem (P2) is equivalent to solving the following Problem
(P3) for each n ∈ {1, · · · ,N} individually [11]:

(P3) max
r1,n,r2,n

µ1r1,n +µ2r2,n (19)

s.t. g(r1,n,r2,n) = PO
n . (20)

Before presenting the optimal solution of Problem (P3), we
show some properties of the curve defined by g(r1,n,r2,n) = PO

n
(denoted as G ). We define four possible regions as follows:

R1 = {(r1,n,r2,n) ∈ G |0 < r1,n <C12,0 < r2,n <C21 } ,
R2 = {(r1,n,r2,n) ∈ G |r1,n >C12,0 < r2,n <C21 } ,
R3 = {(r1,n,r2,n) ∈ G |0 < r1,n <C12,r2,n >C21 } ,
R4 = {(r1,n,r2,n) ∈ G |r1,n >C12,r2,n >C21 } .

3In the finite battery case, En, n = 1, · · · ,N, and thus Emax are truncated at E
since any energy exceeding E cannot be stored in the battery [7].
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Fig. 2. Illustrations of curve G under C12 > C21 and h1 > h2. (Taking the
subfigure (b) for example, the point between between adjacent regions R1 and
R3 refers to the point (r1,n,r2,n) ∈ G with r2,n = C21. The other cases are
similar.)

Notice that, for any given PO
n , at most three out of the four

regions defined above can be non-empty. For the case of C12 >
C21, Fig. 2 illustrates the curve G with different PO

n and h1 > h2.
For the case of C12 <C21, similar results could be observed and
thus is omitted in the following. As will be confirmed later by
the tangent line property of G , R1 is a straight line whereas R2,
R3 and R4 are curves when h1 > h2 (when h1 = h2, R1 and R4

are straight lines).
As indicated by the shape of G in Fig. 2, for given µ1 and µ2,

finding the rate pair (r1,n,r2,n) that maximizes µ1r1,n + µ2r2,n

is equivalent to finding the point (r1,n,r2,n) on G , at which
the slope of (one of) the tangent line(s) (as will be explained

later, the tangent line is unique at most points on G but not
at the others) equals − µ1

µ2
. Denote the slope of (one of) the

tangent line(s) at point (r1,n,r2,n) ∈ G by φ. By calculating the
first-order derivative of (8), we conclude the properties of φ as
follows.

Proposition 5: At the point (r1,n,r2,n) in any of the four
regions, there exists an unique tangent line and φ satisfies (21),
shown at the bottom of the page. At the point (r1,n,r2,n) between
two adjacent regions, the tangent line is not unique and φ
satisfies (22), shown at the bottom of the page.

Remark 2: For (r1,n,r2,n) ∈ R2, φ is only determined by r2,n,
i.e., it is independent of PO

n , and increases as r2,n increases. For
(r1,n,r2,n) ∈ R3, φ is only determined by r1,n, i.e., it is indepen-
dent of PO

n , and decreases as r1,n increases. For (r1,n,r2,n) ∈ R4,
i) if h1 > h2, φ is only determined by r1,n, i.e., it is independent

of PO
n , and decreases as r1,n increases with lim

r1,n→∞
dr2,n
dr1,n

= −1;

ii) if h1 = h2, φ =−1 for any point belongs to R4.
Then, we obtain the optimal solution of Problem (P3) for

n = 1, · · · ,N by finding the point on G which has a φ = − µ1
µ2

.

The optimal solution (rO
1,n,r

O
2,n) is concluded as follows; and

then by applying (9)–(12), we complete the whole transmission
scheme.

1) If − µ1
µ2

< −1, as indicated by (21) and (22), the optimal
point can only possibly be in R2, between R1 and R2,
between R2 and R4 or on the horizontal axis. Letting
−1− h2

h12r2,n+C12
(the second term of (21)) equal − µ1

µ2
, we

have

r2,n = min

{(
log

h2µ2

h1(µ1 −µ2)
−C12

)+

,C21

}
.
= R2. (23)

a) If 0 ≤ PO
n ≤ g(C12,0), the optimal rate allocation is

given as rO
1,n = C ((h1 +h2)PO

n ) and rO
2,n = 0;

b) If g(C12,0) < PO
n ≤ g(C12,R2), the point between R1

and R2 satisfies r2,n < R2 and thus has a φ = − µ1
µ2

,
which can be easily checked by (22) and the fact that
−1− h2

h12r2,n+C12
decreases as r2,n decreases. Therefore,

this point is the optimal solution and the optimal rate

φ =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

−1, if (r1,n,r2,n) ∈ R1

−1− h2

h12r2,n+C12
<−1, if (r1,n,r2,n) ∈ R2

−1+ h1

h1+h22r1,n+C21
>−1, if (r1,n,r2,n) ∈ R3

−
(

1+
(h2

1−h2
2)2C12−r1,n

h1h22C12+C21+h2
2

)−1

>−1, if (r1,n,r2,n) ∈ R4

(21)

φ ∈

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[
−1− h2

h12r2,n+C12
,−1
]
, if (r1,n,r2,n) is between R1 and R2[

−1,−1+ h1

h1+h22r1,n+C21

]
, if (r1,n,r2,n) is between R1 and R3[

−1+
h2

1−h2
2

h2
1+h1h22C12+C21

,−1+ h1
h1+h22C12+C21

]
, if (r1,n,r2,n) is between R3 and R4[

−1− h2
h12C21+C12

,−
(

1+
(h2

1−h2
2)2C12−r1,n

h1h22C12+C21+h2
2

)−1
]
, if (r1,n,r2,n) is between R2 and R4

(22)
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allocation is given as rO
1,n = C12 and rO

2,n = C ((h1 +

h2)PO
n )−C12;

c) If PO
n > g(C12,R2), the optimal rate allocation is

given as rO
1,n = log (h1+h2)(1+h1PO

n )

h22−C12+h12R2
> C12 and rO

2,n =

R2, which can be verified directly from the definition
of R2.

It can be seen that R2 is the maximum possible trans-
mission rate for transmitter 2, regardless of the sum
power value PO

n ; thus we name it as the capping rate at
transmitter 2.

2) If − µ1
µ2

> −1, similar to the above case, the optimal
solution to (P3) can be obtained as follows.
a) If 0 ≤ PO

n ≤ g(0,C21), the optimal rate allocation is
given as rO

1,n = 0 and rO
2,n = C

(
(h1 +h2)PO

n

)
;

b) If g(0,C21)< PO
n ≤ g(R1,C21), where R1 is defined in

(24), shown at the bottom of the page, the optimal rate
allocation is given as:

i) if − µ1
µ2

≥−1+
h2

1−h2
2

h2
1+h1h22C12+C21

, rO
2,n =C21 and rO

1,n =

C
(
(h1 +h2)PO

n

)
−C21;

ii) otherwise, rO
2,n =C21 and

rO
1,n =

{
C
(
(h1 +h2)PO

n

)
−C21, if PO

n ≤ g(C12,C21)

log
(h1+h2)(1+h1PO

n )
h22−C12+h12C21

, if PO
n > g(C12,C21)

c) If PO
n > g(R1,C21), the optimal rate allocation is

given as

i) if − µ1
µ2

≥ −1+
h2

1−h2
2

h2
1+h1h22C12+C21

, rO
1,n = R1 and rO

2,n =

log (1+h2PO
n )(h1+h2)

h12−C21+h22R1
;

ii) otherwise, rO
1,n = R1 and rO

2,n =

log (h2PO
n +1)h1(h1+h2)

h2
22R1−C12−C21+h1h22R1+(h2

1−h2
2)2

−C21
.

It can be seen that R1 is the maximum possible trans-
mission rate for transmitter 1, regardless of the sum
power value PO

n ; thus we name it as the capping rate at
transmitter 1.

3) If − µ1
µ2

=−1, it follows that:

a) If PO
n ≤ g(C12,C21), the optimal rate allocation is not

unique, and any rate pair (rO
1,n,r

O
2,n) satisfying rO

1,n +

rO
2,n = C

(
(h1 +h2)PO

n

)
, 0 ≤ rO

1,n ≤C12, and 0 ≤ rO
2,n ≤

C21, is optimal;
b) If PO

n > g(C12,C21),
i) when h1 > h2, the optimal rate allocation is given

as rO
1,n = log (h1+h2)(1+h1PO

n )

h22−C12+h12C21
and rO

2,n = C21, which

is the point between R2 and R4. In this case, the
capping rate at transmitter 2 is equal to C21.

ii) when h1 = h2, the optimal rate allocation is not
unique, and any rate pair (rO

1,n,r
O
2,n) satisfying rO

1,n +

rO
2,n = log 2+2h1PO

n
1+2−C12−C21

, rO
1,n ≥ C12, and rO

2,n ≥ C21, is
optimal.

IV. THE ONLINE SCHEME

In this section, we study the online scheme under the assump-
tion of no priori information about the future energy arrivals.
First, we introduce the competitive analysis and define the
competitive ratio. Then, the greedy scheme is examined and
its corresponding competitive ratios against the optimal offline
scheme for various values of µ1 and µ2 are derived.

A. Competitive Analysis

Competitive analysis is a widely adopted approach for the
performance measurement of online solutions against the opti-
mal offline one [21]. Under such a framework, the performance
of an online scheme is measured by the worst (maximum) ratio,
i.e., the competitive ratio, between the profits achieved by the
offline and online schemes over all possible input sequences.

Given the input sequence ω and the weighting factors µ1,µ2,
the profits (or weighted sum throughput) obtained by the opti-
mal offline scheme O and an online scheme, denoted by A , are
defined as

BO(ω) =µ1T
N

∑
n=1

rO
1,n +µ2T

N

∑
n=1

rO
2,n, (25)

BA(ω) =µ1T
N

∑
n=1

rA
1,n +µ2T

N

∑
n=1

rA
2,n, (26)

respectively, where rA
i,n, i = 1,2, is the rate of transmitter i at the

n-th slot achieved by online scheme A .
Definition 2: An online scheme A is called ρ-competitive or

has a competitive ratio of ρ, if for all possible input sequences
ω ∈ Ω we have

max
ω∈Ω

BO(ω)
BA(ω)

≤ ρ, (27)

where ρ is a constant independent of the input sequences.

B. The Greedy Scheme

Here, we consider an online scheme A described as follows:
The transmitters always consume up the harvested energy avail-
able at each slot. Given an arbitrary input sequence ω ∈ Ω, the
sum power allocated to the n-th slot by A is given as PA

n = En
T ,

R1 =

⎧⎪⎪⎨
⎪⎪⎩

min

{(
log
(

h1
h2

(
µ2

µ2−µ1
−1
))

−C21

)+
,C12

}
, if − µ1

µ2
≥−1+

h2
1−h2

2
h2

1+h1h22C12+C21

log

(
µ1(h2

2−h2
1)

(µ1−µ2)h2(h12C12+C21+h2)

)
+C12, otherwise

(24)
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n = 1, · · · ,N. Scheme A determines the rates at slot n, denoted
by (rA

1,n,r
A
2,n), by applying the optimal solution of (P3). The

corresponding power allocation for the private and common
messages of the two transmitters at slot n can be obtained by
(9)–(12).

Before deriving the competitive ratios of the greedy scheme,
we present two preliminary results which give the upper bound
of the profit obtained by O and the lower bound of the profit
obtained by A , respectively.

Lemma 1: For an arbitrary input sequence ω ∈ Ω, de-
fine its corresponding enhanced input sequence as ω̃ =⎛
⎝∑N

n=1 En,0, · · · ,0︸ ︷︷ ︸
N−1

⎞
⎠. The profit obtained by O for serving ω

is upper-bounded by that for serving ω̃, i.e., BO(ω)≤ BO(ω̃).
Proof: Suppose that the profit earned by O for serving

ω̃ is smaller than that for ω, i.e., BO(ω) > BO(ω̃). The en-
hanced input sequence ω̃ can always be served with the same
power/rate profile that O serves ω with, without violating the
EH constraints. The resulting profits obtained by O for serving
the two input sequences would be the same, which contradicts
with the assumption that BO(ω) > BO(ω̃). Thus, this proposi-
tion is proved. �

As indicated by the solution of Problem (P3) in Section III-B,
with A , the rate profile may have different structures over
the transmission period (for example, if − µ1

µ2
< −1, only trans-

mitter 1 has non-zero rate when the sum power is small whereas
both transmitters can have non-zero rates when the sum power
is larger than certain value). Consider a “lazy” version of A ,
denoted as Ã , with which the rate profile has a unified structure
for all sum power levels. For an arbitrary input sequence ω ∈
Ω, Ã determines the sum power allocation PÃ

n at slot n,n =

1, · · · ,N, as PÃ
n = PA

n = En
L , where the rate pair

(
rÃ

1,n,r
Ã
2,n

)
determined by Ã satisfies: 1) if − µ1

µ2
≤ −1, we have rÃ

2,n =

0 and g
(

rÃ
1,n,0

)
= PÃ

n ; 2) otherwise, we have rÃ
1,n = 0 and

g
(

0,rÃ
2,n

)
= PÃ

n . Denote the profit obtained by Ã for serving ω

by BÃ(ω). Notice that with Ã , only one of the two transmitters
has non-zero rate during the transmission period, regardless of
the sum power levels. From (8), we can derive that if − µ1

µ2
≤−1,

BÃ(ω) = µ1T
N

∑
n=1

{
C
(
(h1 +h2)PA

n

)
, if PA

n ≤ g(C12,0)

log
(h1+h2)(1+h1PA

n )
h22−C12+h1

, otherwise

> µ1T ∑N
n=1 C

(
h1PA

n

)
; (28)

otherwise,

BÃ(ω) = µ2T
N

∑
n=1

{
C
(
(h1 +h2)PA

n

)
, if PA

n ≤ g(0,C21)

log
(h1+h2)(1+h2PA

n )
h12−C21+h2

, otherwise

> µ2T ∑N
n=1 C

(
h2PA

n

)
; (29)

Lemma 2: For an arbitrary input sequence ω ∈ Ω, the profit
obtained by A is lower-bounded by that obtained with Ã .
Hence, based on (28) and (29), we obtain: if − µ1

µ2
≤ −1,

we have BA(ω)≥ BÃ(ω)> µ1T ∑N
n=1 C (h1PA

n ); otherwise, we
have BA(ω)≥ BÃ(ω)> µ2T ∑N

n=1 C (h2PA
n ).

Proof: For each n ∈ {1, · · · ,N}, it is easy to check that
µ1rA

1,n + µ2rA
2,n ≥ µ1rÃ

1,n + µ2rÃ
2,n. Hence, the summation over n

slots indicates BA(ω)≥ BÃ(ω). �
With the upper bound of BO(ω) and the lower bound of

BA(ω) obtained by Lemmas 1 and 2, we can upper-bound BO (ω)
BA (ω)

by BO (ω̃)
BÃ (ω)

, with which an input-independent upper bound can

be found by applying certain approximation. Then, we obtain
the competitive ratio of A as summarized in the following
proposition.

Proposition 6: The competitive ratio for the greedy scheme
A is given as:

1) for − µ1
µ2

<−1, A is ρ1-competitive, where

ρ1
Δ
= k1 max

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(h1 +h2)/ ln2

(h1 +h2)
(
(µ1−µ2)C12

µ1(2
C12−1)

+ µ2
µ1 ln2

)
µ1 log

h1+h2
h22−C12+h12R2

+µ2R2

µ1g(C12,R2)
+ h1

ln2

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ , (30)

and k1 =
Emax

T

C(h1
Emax

T )
;

2) for − µ1
µ2

= −1, A is ρ2-competitive, where ρ2
Δ
=

k1 max

{
h1+h2

ln2 ,
log

h1+h2
h22−C12−C21+h1
g(C12,C21)

+ h1
ln2

}
;

3) for − µ1
µ2

> −1, i) if h1 > h2, A is ρ3-competitive when

−1 < − µ1
µ2

< −1 +
h2

1−h2
2

h2
1+h1h22C12+C21

and ρ4-competitive

when − µ1
µ2

≥ −1 +
h2

1−h2
2

h2
1+h1h22C12+C21

; ii) if h1 = h2, the

online scheme A is ρ4-competitive for all − µ1
µ2

> −1,
where

ρ3
Δ
=k2 max

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

(h1 +h2)/ ln2

(h1 +h2)
(
(µ2−µ1)C21

µ2(2
C21−1)

+ µ1
µ2 ln2

)
µ1 log

h1+h2
h22−C12+h12C21

+µ2C21

µ2g(C12,C21)
+ µ1h1

µ2 ln2

µ2 log
h1(µ2−µ1)2

C21
µ2(h1−h2)

+µ1R1

µ2g(R1,C21)
+ h2

ln2

⎫⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎭
, (31)

ρ4
Δ
=k2 max

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(h1 +h2)/ ln2

(h1 +h2)
(
(µ2−µ1)C21

µ2(2
C21−1)

+ µ1
µ2 ln2

)
µ1R1+µ2 log

h1+h2
h12−C21+h22R1

µ2g(R1,C21)
+ h2

ln2

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ , (32)

and k2 =
Emax

T

C(h2
Emax

T )
.

Proof: See Appendix C �
Remark 3: The competitive ratios given in Proposition 6 also

hold for the case of finite battery capacity if we truncate Emax at
E (which is equivalent to truncating En, n = 1, · · · ,N, at E ).
This can be easily verified by the fact that given any input
sequence (truncated at E ), the profit achieved by the optimal
offline scheme is upper-bounded by that achieved for the case
of infinite battery capacity, whereas the profit achieved by the
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Fig. 3. The accumulated amounts of harvested energy and energy consumed
by the optimal offline scheme with infinite/finite battery capacity given ω1.

greedy scheme is the same as that for the case of infinite battery
capacity.

V. NUMERICAL RESULTS

In this section, we adopt C12 = 0.5 bits/s/Hz, C21 =
0.4 bits/s/Hz, h1 = 0.8, h2 = 0.7, N = 15, and T = 10 s. For
the case of finite battery capacity, we assume E = 20 J.

Consider the input sequence

ω1 = (20,17.3,16,16,14.7,16,10.7,4,

5.3,2.7,10,13.3,17.3,18,18.7) J.

Given ω1, the sum power sequences obtained by the optimal
offline scheme with infinite and finite battery capacities are
given as

PO = [1.206,1.206,1.206,1.206,1.206,1.206,1.206,1.206,

1.206,1.206,1.206,1.33,1.73,1.8,1.87]T J/s,

and

PO
E = [1.73,1.6,1.6,1.535,1.535,1.07,0.8,0.8,

0.8,0.8,1,1.33,1.73,1.8,1.87]T J/s,

respectively. The sum power sequence obtained by the greedy
scheme is given as

PA = [2,1.73,1.6,1.6,1.47,1.6,1.07,0.4,

0.53,0.27,1,1.33,1.73,1.8,1.87]T J/s.

Fig. 3 illustrates the accumulated amounts of energy har-
vested (black staircase curves) and consumed by the schemes
(blue curves) during the course of transmissions. The slopes
of the blue curves indicate the sum power levels. To satisfy
the causal EH constraints, the blue curves must be beneath
the black solid curve. For the finite battery case, the blue dash
curve must also be above the black dot curve (which represents

Fig. 4. The performance achieved by the optimal offline scheme with infinite/
finite battery capacity and the greedy scheme given ω1.

the accumulated amount of harvested energy minus the battery
capacity) to avoid battery overflow. In Fig. 4, we show the
comparison of performance achieved by the optimal offline
schemes, i.e., the boundary of the maximum departure region,
with both infinite and finite battery capacities, against that by
the online greedy scheme, given ω1.

With ω1, the performance of the greedy scheme is close to
that of the optimal offline ones. However, we may encounter
some “malicious” input sequence, with which the performance
of the greedy scheme can be significantly worse than that of
the optimal offline schemes. For example, consider the input
sequence ω2 = (20,0,0,0,0,0,0,0,0,0,0,0,0,0,0) J. Given
ω2, the optimal offline scheme spends the 20 J energy, which
is available at the beginning of the first slot, uniformly over
all 15 slots (it is easy to check such power allocation holds
for both infinite and finite battery cases), whereas the greedy
scheme depletes all the 20 J energy in the first slot. In Fig. 5, we
plot the ratios between the weighted sum throughputs obtained
by the optimal offline scheme and the greedy scheme, given
ω1 and ω2, respectively, and also the competitive ratios with
Emax = 20 J and infinite battery capacity.4 Note that the sudden
change of the competitive ratio is due to the discontinuity in
the profit function of Ã at µ1 = 0.5. As we expected, ω1 results
in ratios close to 1 whereas ω2 results in relatively large ratios,
i.e., around 2.5, due to the fact that the power profiles given
by the optimal offline and the greedy schemes are dramatically
different. The competitive ratio, which serves as the theoretical
upper bound of the ratios given any possible input sequence, is
larger than the ratios with both ω1 and ω2.

Next, we consider stochastic energy arrivals and compare the
performance of the optimal offline schemes, the greedy scheme,
against two other online schemes that require no/partial statis-
tical information about the EH process described as follows.

1) Online On-Off Scheme: The two transmitters transmit
with a sum power of Ẽ

T , where Ẽ is the transmitters’ estimation

4For the case of finite battery capacity, the only difference is that the ratio
with ω1 will be slightly smaller.
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Fig. 5. The competitive ratios and the ratios obtained with ω1 and ω2, with
infinite battery capacity.

of the average energy arrival amount, whenever there is energy
available; otherwise, the transmission is suspended. The rate
scheduling of the two transmitters follows the optimal solution
of problem (P3).

2) Online Passive Scheme: The sum power allocated in the
n-th slot is given as 1

T ∑n
i=1

Ei
N+1−i . Similarly, the rate schedul-

ing of the two transmitters follows the optimal solution of
problem (P3).

For the case of finite battery capacity, any energy exceed-
ing the battery capacity will be discarded by the above two
schemes.

For the purpose of exposition, we assume that the energy
arrival amount, i.e., the amount of harvested energy that arrives
at the beginning of a slot, follows a uniform distribution over
[0,Emax]. The average (per slot) energy arrival amount, denoted
by Ē, is thus given by Ē = Emax

2 . For the online on-off scheme,
we use α = Ẽ/Ē to indicate the estimation accuracy for the av-
erage energy arrival amount (i.e., when α = 1, the estimation is
accurate; otherwise, the average energy arrival amount is either
overestimated or underestimated). Fig. 6 and Fig. 7 show the
performance of the schemes for different average energy arrival
amounts with infinite and finite battery capacities, respectively,
with weighting factors µ1 = 0.6 and µ2 = 0.4. The simulation
results are averaged over 2000 realizations. As seen from Fig. 6,
for the case of infinite battery capacity, the greedy scheme,
whose weighted sum throughput is around 5% less than that of
the optimal offline scheme for different average energy arrival
amounts, is outperformed by the on-off scheme with accurate
estimation, i.e., α = 1. However, the performance of the on-
off scheme degrades as the estimation becomes inaccurate. In
particular, the performance of the on-off scheme is worse than
the greedy scheme when α = 1.3 or 0.7. The passive scheme
performs the worst among all the schemes that we consid-
ered. For the case of finite battery capacity, we can observe
from Fig. 7 that the on-off scheme with accurate estimation
outperforms the greedy scheme in the low average energy
arrival amount regime, whereas the greedy scheme performs
better than the on-off scheme in the high average energy arrival

Fig. 6. Weighted sum throughput versus average energy arrival amounts with
infinite battery capacity when µ1 = 0.6, µ2 = 0.4.

Fig. 7. Weighted sum throughput versus average energy arrival amounts with
finite battery capacity when µ1 = 0.6, µ2 = 0.4.

amount regime. Unlike the greedy scheme that never causes
battery overflow, the on-off scheme and the passive scheme
may cause battery overflow since the stored energy may not be
depleted before the next energy arrival. It is worth noting that
the influence of the finite battery capacity on the performance
of both the on-off scheme and the passive scheme is more
significant in the high average energy arrival amount regime
than that in the low average energy arrival amount regime. This
is due to the fact that battery overflow is more likely to happen
when the energy arrival amount is large. The greedy scheme is
thus recognized to enjoy robustness against the estimation error
of the energy arrival process statistics and the battery capacity
limitation compared to other schemes.

VI. CONCLUSION

In this paper, we studied the resource allocation schemes for
the two-user Gaussian MAC with a shared energy harvester
and a two-directional conferencing link. Both the non-causal
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and causal EH models are considered. For the non-causal EH
model, we developed the optimal offline scheme that achieves
the boundary of the maximum departure region by investigating
the structure of the optimal sum power allocation and then
deriving the optimal rate scheduling over the two transmitters.
In particular, we showed that there exists a capping rate at one
of the two transmitters. For the causal EH model, one greedy
scheme was considered under the assumption of no priori
information about the future energy arrivals, and competitive
analysis was used to measure the performance of the online
scheme against the optimal offline scheme.

APPENDIX A
PROOF OF PROPOSITION 1

Denote the optimal solution of Problem (P1) as Pc∗
1 , Pp∗

1 , Pc∗
2

and Pp∗
2 . To solve Problem (P1), consider the following four

cases:
1) For r1 > C12 and r2 > C21: Let Pc = Pc

1 +Pc
2 be the total

power allocated for common messages at both the users and
Pc

1 = αPc, Pc
2 = (1−α)Pc, α ∈ [0,1]; the constraint (5) can be

rewritten as

Pc = Pc
1 +Pc

2 ≥ 2r1+r2 −1−h1Pp
1 −h2Pp

2

h1α+h2(1−α)+2
√

h1h2α(1−α)
. (33)

First, we prove that in the optimal solution, the numerator
in the right-hand-side (RHS) of (33) must be non-negative,
i.e., 2r1+r2 − 1− h1Pp∗

1 − h2Pp∗
2 ≥ 0. Assume that 2r1+r2 − 1−

h1Pp∗
1 −h2Pp∗

2 < 0 (which indicates that the constraints (4) and
(5) are both satisfied with strict inequality); to minimize the
sum power, we obtain Pc∗

1 = 0, Pc∗
2 = 0. Also notice that at

least one of (2) and (3) must be satisfied with strict inequality
as otherwise the constraint (4) would be violated. If strict in-
equality holds for (2), i.e., r1 <C (h1Pp∗

1 )+C12, there must exist

0 < δ ≤ min
{

Pp∗
1 − 2r1−C12−1

h1
,Pp∗

1 − 2r1+r2−1−h2Pp∗
2

h1

}
, such that

r1 ≤ C (h1(P
p∗
1 − δ)) + C12 and 2r1+r2 − 1 − h1(P

p∗
1 − δ) −

h2Pp∗
2 ≤ 0. Define a new power profile as P̃p

1 = Pp∗
1 − δ, P̃p

2 =
Pp∗

2 , P̃c
1 = Pc∗

1 = 0, and P̃c
2 = Pc∗

2 = 0. It is easy to check that
the new power allocation satisfies all constraints and leads to
a smaller sum power, i.e., P̃p

1 + P̃p
2 + P̃c

1 + P̃c
2 < Pp∗

1 + Pc∗
1 +

Pp∗
2 +Pc∗

2 . If equality holds for (2), strict inequality must hold
for (3). Similar to the above case, we can always find a new
power profile that satisfies all constraints, which leads to a
smaller sum power. Thus, under the optimal power allocation,
2r1+r2 −1−h1Pp∗

1 −h2Pp∗
2 ≥ 0 must hold.

Next, we prove that equality must be achieved for (33). No-
tice that constraints (2)–(4) do not involve Pc

1 and Pc
2 . Suppose

Pc∗ >
2r1+r2−1−h1Pp∗

1 −h2Pp∗
2

h1α+h2(1−α)+2
√

h1h2α(1−α)
; since the RHS of (33) is non-

negative, we can always reduce Pc∗ by an arbitrarily small

amount Δ (while keeping Pp∗
1 and Pp∗

2 unchanged) without
violating (33), such that the sum power is reduced, which con-
tradicts the optimality of the original power allocation. Hence,
in the optimal solution, (33) must be satisfied with equality.

Since 2r1+r2 − 1− h1Pp∗
1 − h2Pp∗

2 ≥ 0, to minimize the sum
power, the denominator in the RHS of (33) must be maximized.
Define f (α) = h1α+h2(1−α)+2

√
h1α ·h2(1−α), α ∈ [0,1].

For α ∈ (0,1), the first-order and second-order derivatives of
f (α) are given as

f ′(α) =h1 −h2 +
(1−2α)h1h2√
(1−α)αh1h2

, (34)

f ′′(α) = − h2
1h2

2

2((1−α)αh1h2)
3/2

< 0. (35)

As indicated by (35), f (α) is concave over (0,1). Therefore, the
maximum value of f (α) over (0,1) is achieved when the first-
order derivative (34) is equal to zero, i.e., when α h1

h1+h2
, and

max
α∈(0,1)

f (α) = f
(

h1
h1+h2

)
= h1 +h2. Since f (0) = h2 < h1 +h2,

f (1) = h1 < h1 +h2, the maximum value of f (α) over [0,1] is
given as

max
α∈[0,1]

f (α) = f

(
h1

h1 +h2

)
= h1 +h2. (36)

Based on (36) and the fact that (33) achieves equality, we
obtain

Pc∗
1 +Pc∗

2 =
2r1+r2 −1−h1Pp∗

1 −h2Pp∗
2

h1 +h2
, (37)

and therefore

Pc∗
1 +Pp∗

1 +Pc∗
2 +Pp∗

2 =
2r1+r2 −1+h2Pp∗

1 +h1Pp∗
2

h1 +h2
. (38)

It is easy to see that Pp∗
1 and Pp∗

2 should be the optimal
solution of the following problem:

(P1.1) min
Pp

1 ,P
p
2

h2Pp
1 +h1Pp

2 (39)

s.t. (2)−(4). (40)

Note that Problem (P1.1) is convex and its Lagrangian L is
defined as (41), shown at the bottom of the page, where λ1 ≥ 0,
λ2 ≥ 0, and λ3 ≥ 0 are the Lagrangian multipliers.

L
(
Pp

1 ,P
p
2 ,λ1,λ2,λ3

)
= λ1

(
2r1−C12 −1−h1Pp

1

)
+λ2

(
2r2−C21 −1−h2Pp

2

)
+λ3

(
2r1−C12+r2−C21 −1−h1Pp

1 −h2Pp
2

)
+h2Pp

1 +h1Pp
2

(41)
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By letting the partial derivatives of L with respective to Pp
1

and Pp
2 be equal to zero, respectively, the first set of optimality

conditions is given as

h2 −λ1h1 −λ3h1 =0, (42)

h1 −λ2h2 −λ3h2 =0. (43)

And the complementary slackness conditions of this problem
are given as [30]

λ1
(
2r1−C12 −1−h1Pp

1

)
=0, (44)

λ2
(
2r2−C21 −1−h2Pp

2

)
=0, (45)

λ3
(
2r1−C12+r2−C21 −1−h1Pp

1 −h2Pp
2

)
=0. (46)

i) For h1 > h2: If λ2 = 0, solving (42) and (43) gives

λ3 = h1
h2

> 0 and λ1 =
h2

2−h2
1

h2h1
< 0, which is infeasible as

the condition λ1 ≥ 0 is violated. If λ3 = 0, solving (42)
and (43) gives λ1 = h2

h1
> 0 and λ2 = h1

h2
> 0, which is

also infeasible, since it would imply that constraints (2)
and (3) should be achieved with equality, which violates
constraint (4). Thus, we conclude that λ2 > 0 and λ3 > 0
both hold.

Therefore, by complementary slackness, we have that
the optimal solution of Problem (P1.1) is achieved when
constraints (3) and (4) are achieved with equality, while
constraint (2) would be inactive since (2) and (3) cannot
be active at the same time as we argued above. Based
on this, we have Pp∗

1 = 1
h1

2r2−C21(2r1−C12 − 1) and Pp∗
2 =

1
h2
(2r2−C21 −1).

ii) For h1 = h2: From (42) and (43) we have λ3 = 1−λ1 =
1 − λ2 and hence λ1 = λ2. If λ1 = λ2 > 0, from (44)
and (45) we have 2r1−C12 − 1 − hPp

1 = 0 and 2r2−C21 −
1 − hPp

2 = 0, which violates constraint (4). Therefore,
we have λ1 = λ2 = 0 and λ3 = 1, which indicates that
the optimal solution is not unique; any Pp

1 and Pp
2 that

satisfy r1 ≤ C (h1Pp
1 )+C12, r2 ≤ C (h2Pp

2 )+C21 and r1 +
r2 = C (h1Pp

1 + h2Pp
2 ) +C12 +C21 is optimal. To keep

consistency with the case for h1 > h2, we use Pp∗
1 =

1
h1

2r2−C21(2r1−C12 − 1) and Pp∗
2 = 1

h2
(2r2−C21 − 1) to de-

note the optimal solution.

Hence, the optimal solution of Problem (P1) when r1 >
C12,r2 >C21 can be concluded as⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Pc∗
1 = h1

(h1+h2)2

(
2r1+r2 −2r1−C12+r2−C21

)
Pp∗

1 = 1
h1

2r2−C21(2r1−C12 −1)

Pc∗
2 = h2

(h1+h2)2

(
2r1+r2 −2r1−C12+r2−C21

)
Pp∗

2 = 1
h2
(2r2−C21 −1)

and g(r1,r2) = h2
h1(h1+h2)

2r1−C12+r2−C21 + 1
h1+h2

2r1+r2 +(
1
h2
− 1

h1

)
2r2−C21 − 1

h2
.

2) For r1 ≤C12,r2 ≤C21: The constraints (2)–(4) are satisfied
as long as the other constraints are satisfied. Therefore, Problem

(P1) is equivalent to

(P1.2) min
Pp

1 ,P
c
1 ,P

p
2 ,P

c
2

Pp
1 +Pc

1 +Pp
2 +Pc

2

s.t. (5),Pp
1 ≥ 0,Pc

1 ≥ 0,Pp
2 ≥ 0,Pc

2 ≥ 0.

First, we prove that the optimal solution of Problem (P1.2)
satisfies Pc∗

1 > 0 and Pc∗
2 > 0 by contradiction. We consider the

following cases.
a) Suppose that Pc∗

1 = Pc∗
2 = 0 in the optimal solution. In this

case, at least one of Pp∗
1 and Pp∗

2 must be nonzero as otherwise
constraint (5) would be violated. Suppose Pp∗

ī > 0, ī ∈ {1,2}.
Define a new power profile as P̃p

ī = Pp∗
ī −δ, P̃p

3−ī = Pp∗
3−ī, P̃c

1 =
h1

h1+h2
δ and P̃c

2 =
h2

h1+h2
δ, where 0< δ≤Pp∗

ī . Obviously, the new
power profile results in the same sum power with the original
power profile, i.e., P̃p

ī + P̃p
3−ī+ P̃c

1 + P̃c
2 =Pp∗

ī +Pp∗
3−ī+Pc∗

1 +Pc∗
2 .

Since r1 + r2 ≤ C
(

hīP
p∗
ī +h3−īP

p∗
3−ī

)
, we have

C
(

hīP̃
p
ī +h3−īP̃

p
3−ī +h1P̃c

1 +h2P̃c
2 +2

√
h1P̃c

1 h2P̃c
2

)
= C

(
hīP

p∗
ī +h3−īP

p∗
3−ī −hīδ+(h1 +h2)δ

)
> r1 + r2. (47)

Since constraint (5) is satisfied with strict inequality under the
new power profile as indicated by (47), we can always reduce
either P̃c

1 or P̃c
2 by an arbitrarily small amount without violating

(5), such that the sum power is reduced, i.e., becomes smaller
than that of the original power profile. Thus, this case cannot
happen.

b) Suppose Pc∗
1 = 0 and Pc∗

2 > 0 in the optimal solution.
Define a new power profile as P̃p

1 = Pp∗
1 , P̃p

2 = Pp∗
2 , P̃c

1 = h2
h1

Pc∗
2 ,

and P̃c
2 = 0. It is easy to check the new power profile satisfies

all the constraints of Problem (P1.2) while leading to a smaller
sum power, i.e., P̃p

1 + P̃p
2 + P̃c

1 + P̃c
2 < Pp∗

1 + Pc∗
1 +Pp∗

2 + Pc∗
2 .

Thus, this case cannot happen.
c) Suppose Pc∗

1 > 0 and Pc∗
2 = 0 in the optimal solution.

Define a new power allocation profile as P̃p
1 = Pp∗

1 , P̃p
2 = Pp∗

2 ,
P̃c

1 = h1
h1+h2

Pc∗
1 , and P̃c

2 = h2
h1+h2

Pc∗
1 . It is easy to check that

the new power profile results in the same sum power with the
original power pofile. Similar to (47), we can prove that under
the new power profile, (5) is satisfied with strict inequality.
Therefore, we can always reduce either P̃c

1 or P̃c
2 by an arbitrar-

ily small amount without violating (5) such that the sum power
is reduced and becomes smaller than that of the original power
profile. Thus, this case cannot happen.

Since the above three cases cannot happen, we conclude that
Pc∗

1 > 0 and Pc∗
2 > 0 in the optimal solution. Next, we prove

that Pp∗
1 and Pp∗

2 must equal 0. Suppose Pp∗
1 > 0 in the optimal

solution. Define a new power allocation profile as P̃p
1 = Pp∗

1 −δ,
P̃c

1 = Pc∗
1 + Δ, P̃p

2 = Pp∗
2 , and P̃c

2 = Pc∗
2 , where 0 < δ ≤ Pp∗

1 ,
Δ > 0, and

h1Pp∗
1 +h1Pc∗

1 +2
√

h1Pc∗
1 h2Pc∗

2

= h1
(
Pp∗

1 −δ
)
+h1(P

c∗
1 +Δ)+2

√
h1(Pc∗

1 +Δ)h2Pc∗
2 , (48)

which indicates that the new power profile does not change
the value of the RHS in (5) and hence satisfies all constraints
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in Problem (P1.2). Meanwhile, the new power profile yields
a smaller sum power, since from (48) we have δ = Δ +
2
√

h2Pc∗
2 /h1

(√
Pc∗

1 +Δ−
√

Pc∗
1

)
>Δ. Therefore, Pp∗

1 > 0 can-
not happen in this case.

Similarly, we can prove that Pp∗
2 = 0. Constraint (5) should be

satisfied with equality as otherwise we can always reduce one
of Pc∗

1 and Pc∗
2 until (5) is satisfied with equality to minimize

the sum power.
Now, Problem (P1.2) reduces to minimizing Pc

1 +Pc
2 subject

to r1 + r2 = log
(
1+h1Pc

1 +h2Pc
2 +2

√
h1Pc

1 h2Pc
2

)
, which can

be easily solved based on (34)–(36). Therefore, the optimal
solution of Problem (P1) with r1 ≤ C12 and r2 ≤ C21 can
be concluded as Pc∗

1 = h1
(h1+h2)2 (2

r1+r2 − 1), Pp∗
1 = 0, Pc∗

2 =
h2

(h1+h2)2 (2
r1+r2 −1), Pp∗

2 = 0, and g(r1,r2) =
1

h1+h2
(2r1+r2 −1).

3) For r1 >C12,r2 ≤C21: Constraints (3) and (4) are satisfied
as long as the other constraints are satisfied. Therefore, Problem
(P1) is equivalent to

(P1.3) min
Pp

1 ,P
c
1 ,P

p
2 ,P

c
2

Pp
1 +Pc

1 +Pp
2 +Pc

2 (49)

s.t. (2),(5),Pp
1 ≥ 0,Pc

1 ≥ 0,Pp
2 ≥ 0,Pc

2 ≥ 0. (50)

We can prove that the optimal solution of Problem (P1.3) is
given as Pc∗

1 = h1
(h1+h2)2 (2

r1+r2 − 2r1−C12), Pp∗
1 = 1

h1
(2r1−C12 −

1), Pc∗
2 = h2

(h1+h2)2 (2
r1+r2 − 2r1−C12), Pp∗

2 = 0, and g(r1,r2) =

1
h1+h2

2r1+r2 + h2
h1(h1+h2)

2r1−C12 − 1
h1

. The proof is similar to case
2) and is thus omitted here due to space limitation.

4) For r1 ≤ C12,r2 > C21: The optimal solution in this
case is given as Pc∗

1 = h1
(h1+h2)2 (2

r1+r2 − 2r2−C21), Pp∗
1 = 0,

Pc∗
2 = h2

(h1+h2)2 (2
r1+r2 − 2r2−C21), Pp∗

2 = 1
h2
(2r2−C21 − 1), and

g(r1,r2) =
1

h1+h2
2r1+r2 + h1

h2(h1+h2)
2r2−C21 − 1

h2
. The proof is

also similar to case 2) and is thus omitted.
By summarizing the above four cases, we obtain the optimal

solution of Problem (P1) as shown by (8)–(12).

APPENDIX B
PROOF OF PROPOSITION 4

Suppose that under the optimal offline solution, g(r1,ṅ,
r2,ṅ) < g(r1,ṅ+1,r2,ṅ+1) for some ṅ ∈ {1, · · · ,N − 1}, and there
is some residual energy of amount Eres from the ṅ-th slot
transmission. The amounts of data sent for the two users over
the ṅ-th and (ṅ+ 1)-th slots under such rate profile are (r1,ṅ +
r1,ṅ+1,r2,ṅ + r2,ṅ+1)T .

Define a new rate profile as (r̃1,ṅ, r̃2,ṅ) = θ(r1,ṅ,r2,ṅ) +
(1−θ)(r1,ṅ+1,r2,ṅ+1) and (r̃1,ṅ+1, r̃2,ṅ+1) = (1−θ)(r1,ṅ,r2,ṅ)+
θ(r1,ṅ+1,r2,ṅ+1), where θ ∈ (0,1).

From the convexity of g(r1,r2) over r1 and r2, we have

g(r̃1,ṅ, r̃2,ṅ)<θg(r1,ṅ,r2,ṅ)+(1−θ)g(r1,ṅ+1,r2,ṅ+1),

g(r̃1,ṅ+1, r̃2,ṅ+1)<(1−θ)g(r1,ṅ,r2,ṅ)+θg(r1,ṅ+1,r2,ṅ+1),

and therefore

(g(r̃1,ṅ, r̃2,ṅ)+g(r̃1,ṅ+1, r̃2,ṅ+1))T

< (g(r1,ṅ,r2,ṅ)+g(r1,ṅ+1,r2,ṅ+1))T. (51)

The sum power g(r̃1,ṅ, r̃2,ṅ) may be larger than g(r1,ṅ,r2,ṅ).
However, since the function g(r1,r2) is continuous over (r1,r2),
there must exist some θ ∈ (0,1) such that (g(r̃1,ṅ, r̃2,ṅ) −
g(r1,ṅ,r2,ṅ))T ≤ Eres. With such θ, the new rate profile still
satisfies the causal EH constraints while the amounts of bits
sent for the two users over these two slots are still (r1,ṅ +
r1,ṅ+1,r2,ṅ + r2,ṅ+1)T .

Furthermore, (51) indicates that the total energy consumed
over the ṅ-th and (ṅ + 1)-th slots by the new rate profile is
less than the original solution. We can increase the rate of one
transmitter while keeping the rate of the other one unchanged if
we spend the left-over energy uniformly in the (ṅ+ 1)-th slot,
which leads to a larger value of the objective function (15). This
contradicts the fact that the original rate profile is the optimal
solution of Problem (P2). Thus, this proposition is proved.

APPENDIX C
PROOF OF PROPOSITION 6

With the enhanced input sequence ω̃ for ω ∈ Ω, the EH
constraints (13) are inactive and O leads to constant sum power
and rate profiles over all n slots, i.e., P̃O

1 = · · · = P̃O
N = P̃O .

=(
∑N

n=1 En
)
/(NT ) and (r̃O

1,1, r̃
O
2,1) = · · ·= (r̃O

1,N , r̃
O
2,N) = (r̃O

1 , r̃
O
2 ),

where P̃O
n and r̃O

i,n, i = 1,2, represent the sum power and rate of
transmitter i in the n-th slot when O serves ω̃, respectively.

A. For − µ1
µ2

<−1

Partition Ω into three mutually disjoint subsets, given

as Ω1 =
{

ω ∈ Ω
∣∣∣0 ≤ ∑N

n=1 En
NT ≤ g(C12,0)

}
, Ω2 ={

ω ∈ Ω
∣∣∣g(C12,0)<

∑N
n=1 En
NT ≤ g(C12,R2)

}
, and Ω3 ={

ω ∈ Ω
∣∣∣∑N

n=1 En
NT > g(C12,R2)

}
. Note that the rate profile

(r̃O
1 , r̃

O
2 )’s given the input sequences belonging to these three

subsets have different structures.
1) For an arbitrary input sequence ω ∈ Ω1, the rate pair

(r̃O
1 , r̃

O
2 ) is given as (r̃O

1 , r̃
O
2 ) =

(
C
(
(h1 +h2)P̃O) ,0).

Hence, we obtain

BO(ω)
BA(ω)

∣∣∣∣
ω∈Ω1

(a)
≤ BO(ω̃)

BA(ω)

(b)
<

µ1NT C

⎛
⎝(h1 +h2)

N
∑

n=1
En

NT

⎞
⎠

µ1T
N
∑

n=1
C
(
h1

En
T

)

(c)
<

µ1NT (h1 +h2)

N
∑

n=1
En

NT ln2

µ1T
N
∑

n=1
h1

En
T

C(h1
Emax

T )
h1Emax/T

=k1
(h1 +h2)

ln2
, (52)

where (a) and (b) follow from Lemmas 1 and 2, respec-
tively; (c) follows from the facts that C (x)≤ x/ ln2, ∀x≥
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0 [31] and C (x) ≥ x/(h1k1), ∀x ∈ [0,h1Emax/T ], which
can be proved from the concavity of log function.

Since (52) applies to an arbitrary ω ∈ Ω1, we conclude
that

max
ω∈Ω1

BO(ω)
BA(ω)

< k1
(h1 +h2)

ln2
. (53)

2) For an arbitrary input sequence ω ∈ Ω2,5 the rate pair (r̃O
1 ,

r̃O
2 ) is given as (r̃O

1 , r̃
O
2 ) =

(
C12,C

(
(h1+h2)P̃O)−C12

)
.

Based on Lemmas 1 and 2, we have

BO(ω)
BA(ω)

∣∣∣∣
ω∈Ω2

<

NT

⎛
⎝µ1C12+µ2

⎛
⎝C

⎛
⎝ (h1+h2)

N
∑

n=1
En

NT

⎞
⎠−C12

⎞
⎠
⎞
⎠

µ1T
N
∑

n=1
C
(
h1

En
T

) ,

with which we apply similar steps as in (52) and we
obtain

max
ω∈Ω2

BO(ω)
BA(ω)

< k1(h1 +h2)

(
(µ1 −µ2)C12

µ1(2C12 −1)
+

µ2

µ1 ln2

)
. (54)

3) For an arbitrary input sequence ω ∈ Ω3, the rate pair

(r̃O
1 , r̃

O
2 ) is given as (r̃O

1 , r̃
O
2 ) =

(
log (h1+h2)(1+h1P̃O )

h22−C12+h12R2
,R2

)
.

Based on Lemmas 1 and 2, we have

BO(ω)
BA(ω)

∣∣∣∣
ω∈Ω3

<

NT

(
µ1 log

(h1+h2)(1+h1 ∑N
n=1 En/NT)

h22−C12+h12R2
+µ2R2

)
µ1T

N
∑

n=1
C
(
h1

En
T

)
with which we apply similar steps as (52) and we obtain

max
ω∈Ω3

BO(ω)
BA(ω)

<k1

⎛
⎝µ1 log h1+h2

h22−C12+h12R2
+µ2R2

µ1g(C12,R2)
+

h1

ln2

⎞
⎠ .

(55)

Since Ω1 ∪Ω2 ∪Ω3 = Ω, from (53), (54) and (55) we have

ρ1
Δ
=k1 max

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(h1 +h2)/ ln2,

(h1 +h2)
(
(µ1−µ2)C12

µ1(2
C12−1)

+ µ2
µ1 ln2

)
,

µ1 log
h1+h2

h22−C12+h12R2
+µ2R2

µ1g(C12,R2)
+ h1

ln2

⎫⎪⎪⎪⎬
⎪⎪⎪⎭ ,

> max

{
max
ω∈Ω1

BO(ω)
BA(ω)

, max
ω∈Ω2

BO(ω)
BA(ω)

, max
ω∈Ω3

BO(ω)
BA(ω)

}

= max
ω∈Ω

BO(ω)
BA(ω)

. (56)

Based on the definition of competitive ratio (27), it is proved
that A is ρ1-compeititve when − µ1

µ2
<−1.

5For different values of µ1, µ2 and system parameters, Ω1 is always nonempty

whereas Ω2 and Ω3 may be empty. If a subset is empty, the maximum BO (ω)
BA (ω)

over all input sequences belonging to this subset will be replaced by 1.

B. For − µ1
µ2

=−1

Similar to the case for − µ1
µ2

< −1, we start with partitioning

Ω into disjoint subsets such that the rate profile (r̃O
1 , r̃

O
2 )’s

given the input sequences belonging to different subsets have
different structures. Based on the optimal rate scheduling rules
described in Section III-B, Ω is partitioned into two disjoint

subsets, given as Ω1 =
{

ω ∈ Ω
∣∣∣0 ≤ ∑N

n=1 En
NT ≤ g(C12,C21)

}
and Ω2 =

{
ω ∈ Ω

∣∣∣∑N
n=1 En
NT > g(C12,C21)

}
.

For an arbitrary input sequence ω ∈ Ω1, the rate pair (r̃O
1 , r̃

O
2 )

satisfies r̃O
1 + r̃O

2 = C
(
(h1 +h2)P̃O) and hence BO (ω)

BA (ω)

∣∣∣
ω∈Ω1

<

NT µ1C((h1+h2)P̃
O)

µ1T ∑N
n=1 C(h1

En
T )

.

For an arbitrary input sequence ω ∈ Ω2, the rate pair (r̃O
1 , r̃

O
2 )

satisfies r̃O
1 + r̃O

2 = log 2+2h1P̃O

1+2−C12−C21
when h1 = h2, and (r̃O

1 , r̃
O
2 ) =(

log (h1+h2)(1+h1P̃O )

h22−C12+h12C21
,C21

)
when h1 > h2. It is easy to check

that for both h1 > h2 and h1 = h2, we have BO (ω)
BA (ω)

∣∣∣
ω∈Ω2

<

NT µ1

(
log

(h1+h2)(1+h1P̃O)
h22−C12+h12C21

+C21

)

µ1T
N
∑

n=1
C(h1

En
T )

.

By applying analysis similar to that for the case − µ1
µ2

<

−1, we can prove that A is ρ2-competitive, where ρ2
Δ
=

k1 max

{
h1+h2

ln2 ,
log

h1+h2
h22−C12−C21+h1
g(C12,C21)

+ h1
ln2

}
. The detail is omitted

here due to space limitation.

C. For − µ1
µ2

>−1

Similar to the previous cases, we first partition Ω into disjoint
subsets as follows:

1) If h1 > h2,

a) for − µ1
µ2

≥ −1+
h2

1−h2
2

h2
1+h1h22C12+C21

, as indicated by (24),

the capping rate R1 satisfies 0 ≤ R1 ≤ C12. The set
Ω is partitioned into three disjoint subsets, given

as Ω1 =
{

ω ∈ Ω
∣∣∣0 ≤ ∑N

n=1 En
NT ≤ g(0,C21)

}
, Ω2 ={

ω ∈ Ω
∣∣∣g(0,C21)<

∑N
n=1 En
NT ≤ g(R1,C21)

}
, and Ω3 ={

ω ∈ Ω
∣∣∣∑N

n=1 En
NT > g(R1,C21)

}
.

b) for −1 < − µ1
µ2

< −1 +
h2

1−h2
2

h2
1+h1h22C12+C21

, as indicated

by (24), the capping rate R1 satisfies R1 > C12.
The set Ω is partitioned into four disjoint subsets,

given as Ω1 =
{

ω ∈ Ω
∣∣∣0 ≤ ∑N

n=1 En
NT ≤ g(0,C21)

}
,

Ω2 =
{

ω ∈ Ω
∣∣∣g(0,C21)<

∑N
n=1 En
NT ≤ g(C12,C21)

}
,

Ω3 =
{

ω ∈ Ω
∣∣∣g(C12,C21)<

∑N
n=1 En
NT ≤ g(R1,C21)

}
,

and Ω4 =
{

ω ∈ Ω
∣∣∣∑N

n=1 En
NT > g(R1,C21)

}
.

2) If h1 = h2, as indicated by (24), the capping rate R1

satisfies 0 ≤ R1 ≤C12. The set Ω is partitioned into three
subsets similar as those in case a) for h1 > h2.
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The upper bounds on BO (ω)
BA (ω) over input sequences belonging

to each subset defined above can be obtained by similar steps as
in (52). Similar to (56), the competitive ratios (31) and (32) can
be obtained by taking the maximum of the ratio upper bounds
over corresponding subsets. The detailed derivation is omitted
due to space limitation.
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